ABSTRACT
INTRODUCTION
Accelerated life testing (ALT) is used to quickly obtain reliability-related information on products' life and/or degradation data, and often promoted as a solution to save test time and costs. Inference about the reliability of products at normal operating conditions can be obtained using data obtained from the accelerated conditions. The accuracy of the inference procedure profoundly affects the reliability estimates at normal conditions and the subsequent decisions regarding system configuration, warranties and preventive maintenance schedules. The accuracy of the reliability estimates mainly depends on two factors: the ALT models and the experimental design of the ALT plans. Optimum plans yield the most accurate reliability estimates of products' life at the normal conditions, or the design stress. ALT is usually conducted by subjecting the product to severer conditions than normal design conditions (accelerated stress) or by using the product more intensively than in normal use without changing the normal operating conditions (accelerated failure time). Conducting an accelerated life testing requires the development of a proper reliability model, which relates the failure data at accelerated stress with that at design stress. An ALT plan is also required to obtain appropriate and sufficient information on accurate reliability estimates about products' performance at design conditions. A test plan determines the type of stresses to be applied, stress levels, methods of stress application, number of units at each stress level, minimum number of failures at each stress level, optimum test duration and other parameters.
In recent years, the studies of ALT plans have attracted many interests and efforts. Chernoff (1962) considers optimum plans for an exponential distribution data at design stress level. Nelson and Meeker (1978) provide optimum test plans to estimate percentiles of Weibull and smallest extreme-value distribution at a design stress. Nelson (1990) provides a number of guidelines for planning ALTs. Yang (1994) proposes an optimum design of 4-level constant-stress ALT plans with various censoring times. Tang (1999) considers the optimal plans for both constant stress and step-stress ALTs with Weibull distribution and exponential failure time. Alhadeed and Yang (2002) give optimal times of changing stress-level for the simple step-stress plans under Khamis-Higgins model.
In this paper, we present an optimum simple step-stress ALT plan based on Cox's proportional hazards model to obtain the most accurate reliability function estimates at design conditions. Section 2 presents the well-known Cox's PH model as well as two models for step-stress ALT. We propose the PH-based optimum ALT plans with simple step-stress to obtain the optimal reliability function estimates, and formulate the nonlinear programming problem to minimize the asymptotic variance of the reliability function estimate over a pre-specified period of time at design stress. We verify the proposed ALT plans with a numerical example and perform sensitivity analysis in section 3. ( ; , ) f t z z PDF at time t under step-stress
PH-BASED OPTIMUM ALT PLANS WITH SIMPLE STEP-STRESS

Nomenclature
Proportional hazards models
Cox's proportional hazards (PH) model is a semi-parametric multiple regression approach for reliability estimation, in which the baseline hazard function is modified multiplicatively by covariates (i.e. applied stresses). The PH model is distribution-free requiring that the ratio of hazard rates between two stress levels be constant with time.
The proportional hazards model has the following form,
We assume the baseline hazard function 0 ( ) t Unlike standard regression models, the PH models assume that the applied stresses act multiplicatively, rather than additively, on the hazard rate. The PH model is a class of models that have the property that different units have hazard functions that are proportional to each other, that is, the ratio of the hazard rates for two devices tested at two different stress levels and does not vary with time.
Step-stress ALT and models A step-stress ALT allows test conditions to change during testing. In step-stress, stress on each unit is not constant but is increased by planned steps at specified times. A test unit starts at a specified low stress. If the unit does not fail in a specified time, the stress is increased and held constant for another specified time. Stress is repeatedly increased and held constant until the test unit fails. The step-stress pattern is chosen to assure that failures occur quickly. Simple step-stress tests use only two stress levels as shown in Figure 1 . 
The assumptions of simple step-stress ALT in this paper include:
1. There is a single accelerating stress type z.
2. Two stress levels and ( < ) are used in the simple step-stress test. 
The lifetimes of the test units are s-independent.
To analyze data from a step-stress test, one needs a model that relates the life distribution under step-stress to the distribution under a constant stress. In this section, two methods are investigated. In method I, we adopt the most widely used cumulative exposure model to derive the cumulative density function of the failure time. In method II, we derive the cumulative density function directly from the hazard rate function. We now discuss the details of these two methods.
Model I
The cumulative exposure models assume that the remaining life of a test unit depends only on the 'exposure' it has seen, and the unit does not remember how the exposure was accumulated. Figure 2 shows the relationship between constant-stress and stepstress distributions. . The population CDF of units failed by time t in step 1 is:
Step 2 has an equivalent start time , which would have produced the same population cumulative failures. Thus, s is the solution of
A test item may experience two types of stress patterns: (a) it either fails under stress level before the stress is changed at time 
The log-likelihood of the observation t is expressed as 
where, t t s
The first partial derivatives with respect to the model parameters are, 
The second partial derivatives with respect to the model parameters are, 
These are given in terms of the random quantities 1 I , 2 I and stress levels , 
Model II
In the second model, initially n test units are placed at low stress level and run until time The hazard rate function under the simple step-stress (shown in Figure 3 ) can be explicitly expressed as 
Let the log-likelihood of unit be l . The log-likelihood for n s-independent observations is . 
The elements of the Fisher information matrix for a single observation are the negative expectations of these second partial derivatives: 
The Fisher's information matrix for MLE ( 0 1, , γ γ β ) of ( 0 1 , , γ γ β ) can be obtained as the expectations of the negative of the second partial derivatives of the log-likelihood with respect to the model parameters ( 0 1 , , γ γ β ) (Nelson, 1990) . The above four equations show the components of the Fisher's information matrix for a single observation. Since all n units placed under the step-stress test experience the same test condition, the information matrix for the n samples is expressed as 
The variance and covariance matrix for MLE ( 0 1, , γ γ β ) is defined as the inverse matrix of the Fisher's information matrix
Either Model I or Model II can be used for modeling the step-stress ALT plan. The preference is dependent upon the computational difficulty. In this paper, we use Model II to design the step-stress ALT plan.
Optimization criterion
In order to obtain the most accurate reliability estimate under the limited testing conditions (time, cost, test units, etc.), we choose to minimize the asymptotic variance of the reliability function estimate over a pre-specified period of time at design stress, i.e., to minimize .
The asymptotic variance for the reliability function estimate is derived as follows
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Problem formulation
The problem is to optimally design a simple step-stress ALT with Type I censoring, under the constraints of available test units, censoring time and specification of minimum number of failures at low stress level, such that the asymptotic variance of the reliability function estimate at design stress is minimized over a pre-specified period of time T. The optimal decision variables, low stress level and stress change time and MNF is the minimum number of failures at low stress level.
The optimal design depends on model parameters ( 0 1 , , γ γ β ). A design using the preestimates of the model parameters is called a locally optimal design (Chernoff, 1962) and is commonly adopted (Bai and Kim (1989) , Bai and Chun (1991) , Nelson (1990), Meeker and Hahn (1985) . Here we also assume that pre-estimates ( 0 1, , γ γ β ) are available through either preliminary baseline experiments or engineering experience obtained prior to the design of the optimal test plan.
NUMERICAL EXAMPLE
Problem formulation and solution
A simple step-stress accelerated life test is to be conducted for MOS capacitors in order to estimate its life distribution at design temperature of 50 o C. The test needs to be completed in 300 hours. The total number of capacitors placed under test is 200 units. To avoid the introduction of failure mechanisms other than those expected at the design temperature, it has been decided, through engineering judgment, that the testing temperature cannot exceed 250 o C. The minimum number of failures at low temperature is specified as 40. Furthermore, the experiment should provide the most accurate reliability estimate over a 10-year period of time. The test plan is determined through the following steps: τ and minimum number of failures for low stress level MNF. (iii) Use MATLAB optimization toolbox to solve this nonlinear programming problem. MATLAB has a built-in function to solve nonlinear minimization problem with equality and inequality constraints. The algorithm is based on Sequential Quadratic Programming (SQP), which is a generalization of Newton's methods for unconstrained and constrained optimizations in that it finds a step away from the current point by minimizing a quadratic model of the problem. These methods are commonly referred to as Sequential Quadratic Programming (SQP) methods, since a QP sub-problem is solved at each major iteration. An overview of the SQP is found in Fletcher (1987) , Gill et al. (1981) , Powell (1983) , and Hock and Schittkowski (1983) .
6. The optimum plan derived that optimizes the objective function and meets the constraints is: and . τ are robust to the changes in 0 and 1 γ γ , but very sensitive to the changes in β . A small change in the estimated initial value β from the true value β will result in a large change in the optimal solutions. Therefore accurate estimate of β is critical in designing the optimum ALT plan. In practice, we need to be very careful when estimating the value of β .
CONCLUSIONS
In this paper, we present a PH-based optimum accelerated life testing plan with simple step-stress. To relate the life distribution under step-stress to the distribution under a constant stress, we could use either cumulative exposure model or hazard rate function model. The plan determines the optimum low stress level and the optimum stress changing time * L z * 1 τ such that the asymptotic variance of the reliability function estimate at design stress is minimized over a specified period of time. The optimum plan is subject to practical constraints such as the censoring time, total number of test units available, and the minimum number of failures at the low stress level. This optimization approach is demonstrated by a numerical example, and the sensitivity analysis shows that the initial value of β significantly affects the resultant optimal plans.
